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Abstract 

Since the 3+1 neutrino models with one light sterile neutrino turn out to be not 



mixing of muon and tauon active neutrinos. But, while the mixing of z/g and (z/^j — z/^)/ V 2 



^ ■ very effective, at least two light sterile neutrinos may be needed to reconcile the solar 

00 . and atmospheric neutrino experiments with the LSND result, «/this is confirmed by the 

CN I ongoing MiniBooNE experiment (and when the CPT invariance is assumed to hold for 
O ' 

^ ■ neutrino oscillations). We present an attractive 3+2 neutrino model, where two light 

"Th , sterile neutrinos mix maximally with each other, in analogy to the observed maximal 

^ ■ is observed as large (though not maximal), the mixing of z/g with the corresponding 
combination of two light sterile neutrinos is expected to be only moderate because of 
^ ' the reported smallness of LSND oscillation amplitude. The presented model turns out, 
however, not to be more effective in explaining the hypothetic LSND result than the 
simplest 3+1 neutrino model. On the other hand, in the considered 3+2 model, the 
deviations from conventional oscillations of three active neutrinos appear to be minimal 
within a larger class of 3+2 models. 
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1. Introduction. As is well known, the neutrino experiments with solar i^e's [1], atmo- 
spheric u^'s [2] and long-baseline reactor z/g's [3] are very well described by oscillations 
of three active neutrinos i^e , , ^t, where the mass-squared splittings of the related 
neutrino mass states i'i,i'2,J^3 are estimated to be Am^Qi = Am|i ~ 7 x 10~^ eV^ and 
Am^tm = Am|2 ~ 2 x 10~^ eV^ [4]. The neutrino mixing matrix U^^^ = (Uai^ (a = e 
T and i — 1,2,3), appearing in the unitary transformation 

i 

is experimentally consistent with the global bilarge form 

(Cl2 Si2 \ 

-73^12 7f^^ 7S h (2) 

where 612 ~ 33° and 623 — 45°, while U^f — Si3exp(— i5) is neglected in accordance 
with the negative result of Chooz experiment with short-baseline reactor PgS [5] (the 
experimental upper bound is estimated at S13 < 0.03). However, the signal of 
oscillations reported by LSND experiment with short-baseline accelerator P^'s [6] requires 
a third neutrino mass-squared splitting, say, AmLgNo ~ 1 eV^ which cannot be justified 
by the use of only three neutrinos (unless the CPT invariance of neutrino oscillations is 
seriously violated, leading to considerable mass splittings of neutrinos and antineutrinos 
[7]; in the present note the CPT invariance is assumed to hold for neutrino oscillations). 
The LSND result will be tested soon in the ongoing MiniBooNE experiment [8]. If this 
test confirms the LSND result, we will need the light sterile neutrinos in addition to three 
active neutrinos to introduce extra mass splittings (and, at the same time, not to change 
significantly the solar, atmospheric and reactor neutrino oscillations). 

While the 3+1 neutrino models with one light sterile neutrino are considered to be 
strongly disfavored by present data [9], the 3+2 neutrino schemes with two light sterile 
neutrinos may provide a much better description of current neutrino oscillations includ- 
ing the LSND effect (for a discussion on the compatibility of all short-baseline neutrino 
experiments in 3+1 and 3+2 models c/. Ref [10]). 

The necessary existence in Nature of exactly two light sterile neutrinos was argued 
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some years ago [11] on the ground of a new series of generalized (Kdhler-like) Dirac 
equations which could describe three and only three generations of SM-active leptons 
and quarks, and two and only two generations of single SM-passive light neutrinos (light 
sterile neutrinos). The condition for it was an intrinsic (Pauli-type) exclusion principle 
that, when it was holding, cut off the series of the corresponding generalized Dirac fields to 
one triad of SM (15+l)-plets and one couple of SM singlets, respectively (all of spin 1/2). 
The subjects of this exclusion principle were the sets of additional Dirac bispinor indices 
appearing for the introduced generalized Dirac fields and treated as undistinguishable 
physical degrees of freedom. However, in Refs. [11] it was wrongly presumed that two 
light sterile neutrinos mixed largely with two active neutrinos Ug and U/^, what now must 
be specifically corrected, of course. 

The cosmological problems of light sterile neutrinos will not be discussed in this note. 

2. Overall neutrino mixing matrix. In the present note, we will conjecture that 
two light sterile neutrinos, call them Ug and Vg', mix maximally with each other, but 
only moderately with three active neutrinos fg, f^, Ut- More precisely, we will assume the 
overall 5x5 neutrino mixing matrix U^^^ — (uj^^^^ {a — e, r, s, s' and i = 1, 2, 3, 4, 5) 
in the form 



= C/(5)(i2)C/(5)(i4) = 
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The first matrix factor in Eq. (3) arises from the bilarge form (2) of active-neutrino mixing 
matrix by its trivial 5x5 extension, while the second is an analogue of the first, when 
e, T <-> e,s,s' and 1,2,3 1,4,5. Thus, the cosine cu and sine Si4 are analogues of 
cosine Ci2 and sine Si2, though the angle 9u is expected to be smaller than the large angle 
9i2 ~ 33°. Also C45 = I/V2 = S45 with the maximal angle 6*45 = 45° are analogues of 
C23 = 1/a/2 = S23 with the maximal 623 = 45°. Finally, an analogue of S13 = is S15 = 0. 
Both kinds of conditions are necessary for the maximal mixing of i^^ with and with 

The overall 5x5 neutrino mixing matrix (3) leads to the following unitary transfor- 
mation Vi = ^ai* ^« inverse to Ua = U^i yf. 



Ui = Ci4 Cul^e - S12 7^ - Sl4 



V2 ; ' 

^„ — u 

U2 = Si2Z^e + Cl2- 



V2 ' 



V2 



— 

i/4 = Si4 I Ci2i^e - S12 7^ I + Ci4- 



V2 y W2 ' 

= (5) 
This displays explicitly the maximal mixing of Vy, and Vr as well as of Vg and i^^', 
because these neutrinos appear in Eq. (5) through the combinations (z/^=i=z/^)/\/2 as well 
as [vg =F i^s')/v^) where (i/^ -|- Vr)/V^ as well as (z/g -|- Vs')lV^ are decoupled from other 
fiavor neutrinos (do not mix with them). 

In the fiavor representation, where the charged-lepton mass matrix is diagonal, the 
active-neutrino mixing matrix (2) is at the same time the diagonalizing matrix for the 
active-neutrino effective Majorana mass matrix. In this flavor representation, the overall 
5x5 effective neutrino mass matrix M^^^ = [m^^^ (a, (3 = e, n, r, s, s') can be calculated 
from the formula 

i 

where the matrix elements U^^ are given in Eq. (3). The form (6) is inverse to the 
diagonalization formula 



EutM^ujff^mA,. (7) 

a/3 

3. Overall neutrino oscillations. We will use the Va neutrino oscillation proba- 

bilities (in the vacuum) 

j>i 

(a, P = e, n, T, s, s' and i,j = 1, 2, 3, 4, 5) , where 

xji = 1.27—^ , Am% = m) - m\ (9) 

{Am'^.-, L and E are measured in eV^, km and GeV, respectively). Here, CP violation is 
neglected i.e., uj^^* = uj^^ (or, more generally, the quartic products in Eq. (8) are real). 
For U^j^ we will make use of the matrix elements of U^^^ as given in Eq. (3). 

The formula (8) applied respectively to the — > Pg, ^^e — ^ J^e and i/^ — > oscillations 
leads to the probabilities (in the vacuum) 



P(z/^ i/e) ~ 2C12S12C14 sin^ X21 + 2C12S12S14 sin^ X41 , (10) 
P(i/e — >■ t'e) ^ 1 - 4ci2S?2'Si4sin^2;2i - 4ci2Si4 (1 - C12S14) sin^a;4i (11) 



and 



T-)/ \ 1 222-2 /1 22\-2 

P{i^n ^ i^n) - 1 - C12S12C14 sm X21 - (1 - Si2Si4j sm 2:31 

-2s^2«i4 - ^«i2Si4^ sin^ 2:41 , (12) 

when X31 ~ X32 and 2:41 ~ 2:42 ~ 2:43 (notice that here, 2:54 and so, m\ are absent). When, 
in addition, 2:21 <^ |2;3i| ^ 2:41 [i.e., m\ < m| <^ m| <^ m| or m| <^ mf ~ m| <^ m|) with 

(a;4l)LSND = 0{'k/2), (2:2i)so1 = 0(7r/2), (2;3i)chooz ^ (a^3l)atm = 0{n/2) and (2;3i)atm = 

0(7r/2) for the LSND effect, for the solar i^e's, for the Chooz reactor Pg's and for the 
atmospheric i^i^'s, respectively, we get from Eqs. (10), (11) and (12) the probabilities (in 
the vacuum) 
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P(l/^ ^ I/e)LSND - 2c^2Si2st4Sin^(2^4l)LSND , (13) 

P{Ue I/e)sol ~ 1 - 4Ci2Si2Ci4Sin^(x2l)sol - Sc^sSm (l " C?2Sl4) > (14) 

P(Pe ^ i^e)chooz ^ 1 " 2Ci2S?4 (l " C?2Sl4) (15) 

and 

P{l^fi i^,x)atm ~ 1 - (l - Si2«14) Sm^ (2^3l)atm - sL^U (^1 " ^"^L-sL^ • (16) 

Of course, for solar u^s the MSW matter effect is significant, leading to the accepted 
LMA solar solution. 

For the LSXD effect of the order 

Pi^iJi^ '>e)LSND ~ 10~^Sin^(a;4i)LSND (17) 

and of the mass scale, say, Am|]^ ~ 1 eV^ we obtain the estimation 

«i4 - - 0.049 (18) 

and so, ^14 ~ 13°, when Q\2 ~ 33°. This implies the following estimates: 



P{ve^Ve\o\ ~ 1 - (0.83 - 0.041) sin2(a;2i)soi- 0.066, (19) 

P{ye^ye)c^o^ ~ 1 - 0.066, (20) 

and 

P{y^ ^ i^M)atm ~ 1 - (1 - 0.015) Sin2(x3l)atm - 0.014 . (21) 

Here, ^c\^s\^ ~ 0.83 {c\^ ~ 0.70 and - 0.30). 

It can be noticed from Eq. (11) for i/g Ve or Pg — ^ oscillations that the third mass- 
squared splitting AmLgND = Am|]^ ~ 1 eV^, characteristic for the reported LSND effect 
(Eq. (13)), may be manifested in principle also for or Pg oscillations in any 

other experiment at an energy E and a baseline L, where (a;4i)other — (a^4i)LSND = 0{ti/2) 
{i.e., {L/E)other - (V-^)lsnd)- In this case. 



Pil^e ^ J^e) other ^ P{j^e ^ J^e) other ^ 1 - 4Ci2Si4 (l " C12S14) (^4l)other 

~ 1 -0.13sin2(x4l)other, (22) 
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when $12 ~ 33° and sf^^ ~ 0.049. Any such experiment might play for the LSND ac- 
celerator effect a somewhat similar role as that played by the Chooz experiment for the 
SuperKamiokande atmospheric experiment, where (x3i)chooz — (2^3i)atm = 0(7r/2) [i.e., 
[L/ E)chooz — {L/E)sxm)- An analogical remark on ^m\^ may pertain also to Eq. (12) 
for Un — > oscillations. 

4. Conclusions. When waiting for the test of LSND effect by the MiniBooNE ex- 
periment that may confirm or refute the LSND result, we presented in this note a 3+2 
neutrino model, where two light sterile neutrinos mix maximally with each other and 
only moderately with three active neutrinos. The way of mixing is described by the 5x5 
mixing matrix (3). 

Then, the LSND effect of the order (17) implies the estimates (19), (20) and (21) for 
the solar anomaly, Chooz negative result and atmospheric anomaly, respectively. 

Note that in the conventional three-neutrino scheme (including, in general, S13 7^ 0) 
the result corresponding to Eq. (15) is 

P(i?e i^e)chooz 1 - "^cl^sl^ sin^(a;3i)chooz , (23) 

when X31 ~ X32. From the negative result of Chooz experiment 4c^3S^3 < 0.12 as s^g < 0.03 
(here, (a:3i)chooz - (a:3i)atm = 0(7r/2)). 

As is shown in Appendix A, the simplest 3+1 model with one light sterile neutrino leads 
to the same estimates (19), (20) and (21) as the 3+2 model with two maximally mixing 
light sterile neutrinos, if the LSND effect is of the order (17). In fact, the oscillations 
(A7), (A8), (A9) and (AlO) are identical with those given in Eqs. (13), (14), (15) and 
(16). 

Thus, the attractive 3+2 neutrino model with maximal mixing of two sterile neutrinos, 
presented in this note, is not more effective in explaining the hypothetic LSND result than 
the simplest 3+1 neutrino model. On the other hand, as is indicated in Appendix B, in 
the 3+2 model with maximal mixing of two sterile neutrinos where S15 = (but S14 7^ 0), 
the deviations from conventional oscillations of three active neutrinos (where S14 = and 
Si5 = 0) are minimal within a larger class of 3+2 models allowing for S15 7^ (in addition 

to Si4 7^ 0). 
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Appendix A: 
Comparing with the simplest 3+1 neutrino model 

Consider the simplest 3+1 neutrino model with one sterile neutrino, described by the 
overall 4x4 mixing matrix bilarge in three active neutrinos: 



/ 



C/(4) = 12) (14) 
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1 / 

The cosine C14 and sine S14 correspond to an unknown mixing angle ^14 that has to be 
estimated from the reported LSND result. 

The form (Al) of the mixing matrix [/^^^ = {u^^^ [a = e,iJ,,T,s and i = 1,2,3,4) 
leads to the following unitary transformation = U^^* inverse to — U^^ uf. 
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Cl4 Cuiye 



Sl2^'e + C12- 



V2 



V2 
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V2 



Su I Ci2l'e — S12- 



V2 



+ CuUg 



(A.3) 



This displays the maximal mixing of active neutrinos and Ut which appear in the 
combinations (z^^t + Vr)l\pi^ where (z/^ + Vr)/V^ is decoupled from other flavor neutrinos, 
while the mixing of and (i/^ — Vt) j \/2 is large (though not maximal) having the mixing 
angle 612 ~ 33°. 

The mixing matrix (Al) implies the neutrino oscillation probabilities (in the vacuum) 
P(P^ Pe) - 2c^2Si2Ci4 sin^ X21 + 2C12S12S14 sin^ 2:41 , (A. 4) 

P(i/e ^ ^e) — 1 - 4Ci2S?2C?4 sin^ X21 - 'icl^slJ^l - cl^sl^ Sin^ X41 (A. 5) 



and 

P{Uf, v^) ~ l-c^2Si2Ci4sin^X2i-(l-Si2Si4) sin^a;3i-2si2Si4(l - ^^12^14) sin^ , 

(A.6) 

when X31 ~ X32 and X41 ~ X42 — X43. Hence, when X21 <^ \x3i\ <S X41 with (x4i)lsnd = 
0{n/2), (a;2i)soi = C'(7r/2), (x3i)chooz = C'(7r/2) and (x3i)atm = 0(71/2), respectively, for 
the LSND effect, for the solar u^s, for the Chooz reactor and for the atmospheric 
f^'s, one obtains the probabilities (in the vacuum) 

P(z/^ ^ Z/e)LSND ^ 2c^2Si2Si4 si^^ (2^4i)lSND , (A. 7) 

P(l/e i^e)sol ~ 1 - 4C12S12C14 sin^(x2i)sol " 2Ci2Si4(l - cj^Su) , (A.8) 

P(Pe ^ i>e)chooz ^ 1 " 2c?2S?4(l " cL^L) (A.9) 

and 

-P(i^M ^ ^n)^tm ~ 1 - (1 - sl^Su) Sin^(x3i)atm " S^^M (^^ " ^Sl2Sl4^ ■ (A.IO) 

From Eq. (A7), for the LSND effect of the order P{Pij, — > Pe)LSND ~ 10~^sin^(x4i)LSND 
and of the mass scale, say, Aml-^ ~ 1 eV^ one gets the estimation 

2 / 10-3 X 
\^<-12^12 

when $12 ~ 33°. This gives the following estimates 



- 0.049, (A.ll) 



and 



P{j^e ^ J^e)soi ~ (1 - 0.83- 0.041) sin2(x2i)soi- 0.066, (A.12) 

^(i>e ^ i>e)chooz ~ 1 - 0.066 (A.13) 

Pil^^^ ^ i^M)atm ~ 1 - (1 - 0.015) sin2(a;3i)atm - 0.014 . (A.14) 



We can see that the oscillations (A7)-(A10) and their estimates (A12)-(A14) in the 
case of s^4 ~ 0.049, valid in the simplest 3+1 neutrino model, are identical with the 
oscillations (13)-(16) and their estimates (19)-(21) in the case of 5^4 ~ 0.049, obtained in 
the 3+2 neutrino model with maximal mixing of two light sterile neutrinos. This identity 
is, of course, a consequence of the fact that 17^^^ = U^^^ and = for a = e, and 
i = 1, 2, 3, as it can be seen from Eqs. (Al) and (3). And this is true also for a — T, the 
oscillations involving v^. being identical in both cases. 
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Appendix B: 

Perturbing the maximal mixing of two sterile neutrinos 

The mixing matrix (3) in the 3+2 model with two maximally mixing light sterile 
neutrinos requires the trivial value S15 = corresponding to ^15 — 0. Now, introduce the 
nontrivial mixing angle ^15 7^ 0, replacing the factor matrix C/(^)(14) in Eq. (3) by the 
more general form 



C/(^)(14,15) = 



/ C14C15 S14C15 

10 

1 

-75(Sl4 + Cl4Sl5) ^(Ci4-Si4Si5) 

V :75(si4-Cl4Si5) -:^(C14 + S14S15) 



Sl5 \ 






(B.l) 



which is the 5x5 trivially extended canonical form of 3 x 3 real unitary matrix for 
OL — e^s^s' and i = 1,4, 5 with C45 = l/-\/2 — S45. Then, the mixing matrix (3) transits 
into the new overall 5x5 neutrino mixing matrix 



C/(5) = C/(5)(i2)C/(5)(i4^15) 
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;^Si2Ci4Ci5 -71C12 ^ ^ 

-:^(S14 + C14S15) ^(Ci4 - S14S15) ^Ci5 

V 73(^14 - C14S15) -;^(Ci4 + Si4Si5) ;^Ci5 j 



72*12Sl5 



(B.2) 



Of course, for S15 = the mixing matrix (B2) comes back to the form (3). 

A consequence of the new mixing matrix is the following unitary transformation Vi — 



^1 

i/4 
^5 



= Ci4 



Cl5 Ci2fe — 512" 



V2 



+ Us 



V2 



Sl4- 



^/2 



Sl2i^e + C12 



x/2 



Cl5 I Cl2^e ~ S12 



Sl4 



•5l5 Ci2fe — 512 



V2 



V2 



+ Cl4- 



V2 



+ C15- 



i/^ + 1/5, 



(B.3) 



V2 7 V2 ' 

We can see from Eqs. (B3) that here, the maximal mixing of and is maintained, 
while the maximal mixing of Vg nd v^i is perturbed if S15 ^ (beside S14 7^ 0). 
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The new mixing matrix (B2) leads to the neutrino oscillation probabilities (in the 
vacuum): 

P{i^H Z^e)LSND ^ 2Ci2S?2Sm(sL + ^^s) Sin2(x4l)LSND + cl^sl^sf^ , (B.4) 
P(l/e ^ i^e)sol - 1 -4C^2S?2(1 -S?4-S?5)sin^(^2l)sol-2c^2(sM + S?5)> (B-5) 

P{l^e ^ l^e)chooz ^ l-2cl2{sl4 + sl^) (B.6) 

and 

P{l^H i^M)atm ~ 1 - [l - Si2(Si4 + S%)] sin^(j;3i)atm - S^l^M + ^is) > (^-7) 

when X31 ~ X32, X41 ~ X42 ~ X43, X51 ~ X52 ~ X53 ~ X54 and X21 < |a;3i| < X41 < X51 
with (x4i)lsnd = 0(7r/2), (x2i)soi = 0{'k/2) and (x3i)chooz - (a^^sOatm = 0{'k/2). Here, 
the respective higher powers of 5^4 <^ 1 and 5^5 <^ 1 are neglected. 

From Eq. (B4), for the LSND effect of the order P(i/^ t'e)LSND ~ 10~^sin^(a;4i)LSND 
one obtains the estimation 

\ 2Sm (^0:41 j LSND / \^C]^2'5l2/ 

when ^12 ~ 33°. Here, sin2(a;4i)LSND ~ 1/2 to 1. Thus, s?4 + s?5 = {4A + '^sl^sl^ + s\^f'^ > 
(Ihs of Eq. (B8)) ~ 0.049 if S15 ^ 0, while sl^ ~ 0.049 if S15 = (as is the case in the 
3+2 model with maximal mixing of two sterile neutrinos). Hence, one can infer that 
the deviations from conventional oscillations of three active neutrinos (with S14 = and 
•5i5 = 0), being proportional to + sfg in Eqs. (Bo)-(B7), get larger magnitudes in the 
case of S15 ^ (and sm 7^ 0) than in the case of S15 = (but sm 7^ 0), where two sterile 
neutrinos mix maximally (leading to the estimates (19)-(21)). Thus, when S15 = 0, the 
3+2 neutrino models defined in Eq. (B2) for various values of S15 become minimal (in 
the sense of the discussed deviations). Such a minimal character of the deviations from 
conventional neutrino oscillations is connected, therefore, with the maximal mixing of two 
sterile neutrinos, realized if S15 = (but Sm 7^ 0). 

The oscillation probabilities (B4)-(B7) are valid obviously in the option of hierarchical 
sterile neutrinos, where m\ -C m\ implying X41 <S X51. Then, our conclusion of minimal 
character of deviations from conventional neutrino oscillations works for S15 = (but 
^14 7^ 0). It turns out that in the opposite option of degenerate sterile neutrinos, where 
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m| ~ ml leading to X41 ~ x^i and ^54 ~ 0, the new mixing matrix (B2) provides 
exactly the oscillation probabilities of the form (13)-(16), where is replaced now by 
*i4 + '^15 ~ '^14 '^15: equal approximately to 5^4 + 5^5. In this degenerate option, the LSND 
effect of the order -P(t'^ — > ^'e)LSND ~ 10~^ sin^(a;4i)LSND gives the estimation 

/ iQ-3 y/2 

Si4 + si, - sl.sl, ^ ^ 0.049 , (B9) 

and the deviations from conventional oscillations of three active neutrinos are identical 
to those in the 3+2 model with two maximally mixing sterile neutrinos. They are equal 
to the previous minimal deviations appearing in the hierarchical option if S15 = (but 

Sl4y^0). 
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